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Scale-space depiction of a 2D contour



Searching for filters with ‘interesting’ output
distributions: an uninteresting direction to explore?

Baddeley (1996) Network 7, 409-421

412 R Baddeley
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Figure 2. An image with not very interesting structure that will cause zero-DC filters to generate

‘interesting’ Kurtotic output distributions. (a) An image with ‘random’ (1/f spatial frequency

content) structure, but split into four sections. Each section is identical except that the intensity

values in each section are multiplied by different constants G (in this case the constants G are 1,

2, 4, and 8). (b) When a zero DC filter is convolved with each of the sections individually, the

output distribution is Gaussian, and because the system is linear, the output standard deviation

will be proportional to G. The final output distribution (c), is the average of these distributions

(shown by the solid line) and since all the distributions have the same mean, this distribution

is more Kurtotic than a simple Gaussian (shown by the dashed line). This output distribution

would be found for any linear filter with zero DC.

Such an image model would predict that all filters should have zero output Kurtosis

(since a Gaussian distribution has a Kurtosis of zero). This is at variance with the results

obtained by Barlow et al (Barlow and Tolhurst 1992, Barlow 1994) and Field (1994), as

simulation shows that at least some filters have output distributions of high output Kurtosis.

Therefore the images need more image structure than this random structure to account for

Barlow and Field’s observations.

We therefore consider two simple modifications. The first is to the form of filter. Rather

than considering filters in general, we can consider a subset: those filters that have zero

power at DC (frequency = 0) in their Fourier transform†. If the filter has zero DC, then
since the convolution is just the multiplication of the Fourier representations of the image

and filter, the results of this convolution will also have zero DC and therefore the filter

output distribution will be of mean zero independent of the characteristics of the image.

This will prove important since if we combine output distributions from different images,

though the distributions will be different, the means of the distribution are constrained to

be the same.

The second modification is to consider images where the local image standard deviation

(σ ) is not constant. This is reasonable since this is known to be true both for natural images

and the logarithms of natural images (see later and Ruderman (1994)). Given these two

considerations, even if the images were random (but with variable local intensity standard

deviation), then, as can be seen graphically from figure 2, we would not expect a Gaussian

output distribution, but an output distribution with positive Kurtosis.

Therefore any zero-DC filter will have high output Kurtosis, and, therefore signal

‘interesting’ structure as long as image intensity standard deviation is not constant.

Unfortunately, in many cases this may be for uninteresting reasons since there are many

reasons for having variable local variance (different lighting conditions, different surface

textures, different surface characteristics,. . .). Section 3 explores the hypothesis that finding

† Another way to think of this is that we are only considering filters where the sum of all the filter coefficients

is zero, also known as zero-sum filters. This set of filters is quite a general one including some DOG filters,

odd-phase Gabors, and all log-Gabors as studied by Field.
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Filter response histograms for a 
contrast normalized image
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(c) Phase Plane: BOB by l^1 Entropy
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(d) Phase Plane: BP
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Fig. 2.6 Analyzing the signal WernerSorrows with a cosine packet dictionary.

From one point of view, (3.1) is very similar to the MOF (2.3): we are simply
replacing the !2 norm in (2.3) with the !1 norm. However, this apparently slight
change has major consequences. The MOF leads to a quadratic optimization problem
with linear equality constraints and so involves essentially just the solution of a system
of linear equations. In contrast, BP requires the solution of a convex, nonquadratic
optimization problem, which involves considerably more effort and sophistication.

3.1. LP. To explain the last comment and BP, we develop a connection with LP.
The linear program in so-called standard form [8, 21] is a constrained optimization

problem defined in terms of a variable x ∈ Rm by

min cT x subject to Ax = b, x ≥ 0,(3.2)

where cT x is the objective function, Ax = b is a collection of equality constraints,
and x ≥ 0 is a set of bounds. The main question is which variables should be zero.

The BP problem (3.1) can be equivalently reformulated as a linear program in
the standard form (3.2) by making the following translations:

m ⇔ 2p, A ⇔ (Φ,−Φ), b ⇔ s, c ⇔ (1; 1), x ⇔ (u;v), α ⇔ u − v.

Hence the solution of (3.1) can be obtained by solving an equivalent linear program.
(The equivalence of minimum !1 optimizations with LP has been known since the
1950s; see [2].) The connection between BP and LP is useful in several ways.

3.1.1. Solutions as Bases. In the LP problem (3.2), suppose A is an n-by-m
matrix with m > n, and suppose an optimal solution exists. It is well known that
a solution exists in which at most n of the entries in the optimal x are nonzero.
Moreover, in the generic case, the solution is so-called nondegenerate, and there are
exactly n nonzeros. The nonzero coefficients are associated with n columns of A,
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Learned basis space-time basis functions 
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Sparse coding and reconstruction
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