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Tutorial outline

1. Introduction: Biological vision and theoretical neuroscience

2. Natural image statistics and efficient coding

3. Vision as inference

4. Towards intermediate-level representations
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Introduction

• Biological vision - what we know and and don’t know.

• The efficient coding hypothesis







Figure 1: The fly’s eye(s). At left a photograph taken by B Pijpker at the Rijksuniversiteit
Groningen, showing (even in this poor reproduction) the hexagonal lattice of lenses in the
compound eye. This is the blowfly Calliphora vicina. At right, a schematic of what a fly
might see, due to Gary Larson; for this and related matters see G Larson, The Complete Far
Side (Andrews McNeel Publishing, Kansas City, 2003). The schematic is incorrect because
each lens actually looks in a different direction, so that whole eye (like ours) only has one
image of the visual world. In our eye the “pixelation” of the image is enforced by the
much less regular lattice of receptors on the retina; in the fly pixelation occurs already
with the lenses.

balance one can demonstrate directly that motion across the visual field drives the gener-
ation of torque, and the sign is such as to stabilize flight against rigid body rotation of the
fly. Indeed one can close the feedback loop by measuring the torque which the fly pro-
duces and using this torque to (counter)rotate the visual stimulus, creating an imperfect
‘flight simulator’ for the fly in which the only cues to guide the flight are visual; under
natural conditions the fly’s mechanical sensors play a crucial role. Despite the imperfec-
tions of the flight simulator, the tethered fly will fixate small objects, thereby stabilizing
the appearance of straight flight. Similarly, Land and Collett (cf footnote 4) showed that
aspects of flight behavior under free flight conditions can be understood if flies generate
torques in response to motion across the visual field, and that this response is remarkably
fast, with a latency of just ∼ 30 msec. The combination of free flight and torsion balance
experiments strongly suggests that flies can estimate their angular velocity from visual
input alone, and then produce motor outputs based on this estimate.

When you look down on the head of a fly (Fig 1), you see—almost to the exclusion of any-
thing else—the large compound eyes. Each little hexagon that you see on the fly’s head
is a separate lens, and in large flies there are ∼ 5, 000 lenses in each eye, with approx-
imately 1 receptor cell behind each lens,7 and roughly 100 brain cells per lens devoted

7This is the sort of sloppy physics speak which annoys biologists. The precise statement is different in
different insects. For flies there are eight receptors behind each lens. Two provide sensitivity to polarization
and some color vision, but these are not used for motion sensing. The other six receptors look out through
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Jumping spiders

salticidae virgulatus americanus



Mantis shrimp



Human retina - cone mosaic





Smoothing and subsampling by retinal ganglion cells





1 mm2 of cortex analyzes ca. 14 x 14 array of retinal
sample nodes and contains 100,000 neurons





Why natural scenes?

test stimulus
regime

natural images
regime

test stimulus
regime

natural images
regime

?R
es

po
ns

e

Input

R
es

po
ns

e

Input

Linear Non−linear



The efficient coding hypothesis
(Barlow 1961; Attneave 1954)

Nervous systems should exploit the statistical dependencies
contained in sensory signals



Redundancy reduction (Barlow 1961)

• Natural images are redundant in that there exist statistical dependencies
among pixel values in space and time.

• In order to make efficient use of resources, the visual system should
reduce redundancy by removing statistical dependencies.

• This also makes it easier to store prior probabilities, since you can express
the joint distribution of events as the product of marginal probabilities:
P (x) = ΠiP (xi).



An example - text



An example - text



Natural image statistics and efficient coding

• First-order statistics

– Intensity/contrast histograms
– Histogram equalization

• Second-order statistics

– Autocorrelation function → 1/f2 power spectrum
– Decorrelation/whitening

• Higher-order statistics

– Orientation, phase spectrum
– Projection pursuit/sparse coding



First-order statistics (pixel histograms)



First-order statistics (pixel histograms)



Contrast: reduces dynamic range

C =
I − 〈I〉
〈I〉



Histogram equalization - fly LMC (Laughlin 1981)



Image synthesis - first-order statistics



Second-order statistics (auto-correlation function)

C(∆x) = 〈I(x) I(x + ∆x)〉x

0 5 10 15 20 25 30 35 40
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Spatial separation (pixels)

C
or

re
la

tio
n



Power spectrum of
natural images
(Field, 1987)



Whitening (Atick & Redlich, 1992)



Whitening removes second-order correlations



Image synthesis - second-order statistics



Spatiotemporal power spectrum of natural scenes

• Characterizes pairwise correlations across space and time.

• “1/f2” but non-separable (Dong & Atick, 1995)



LGN neurons whiten time-varying natural images
Dan et al, 1996



... but not white noise



Movie synthesis - second-order, s-t statistics)



Higher-order statistics

Phase alignment Oriented structure Motion

x



Projection Pursuit
(from Field 1994)



Simple cell receptive fields (Jones & Palmer, 1987)



Gabor-filter histogram



Optimal spatial-frequency bandwidth
Field (1987)
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natural images. Gabor codes have a number of interesting
mathematical properties. As described by Gabor14 and
more recently by Daugman,12 a Gabor function represents a
minimum in terms of the spread of uncertainty in space and
spatial frequency (actually time and frequency in Gabor's
description). However, the Gabor code is mathematically
pure in only the Cartesian coordinates where all the Gabor
channels are the same size in frequency and hence have
sensors that are all the same size in space (i.e., all the rectan-
gles in the diagrams in Fig. 1 are the same size). In such a
case, the Gabor code represents the most effective means of
packing the information space with a minimum of spread
and hence a minimum of overlap between neighboring units
in both space and frequency.

However, modifying the basic structure of the code to
permit a polar distribution such as that shown in our rosettes
(Fig. 3) alters the relative spread and overlap between neigh-
bors. In this section some results are described that were
obtained with a function that partially restores some of the
destructive effects of the polar mapping. This function will
be called the log Gabor function. It has a frequency re-
sponse described by

G(f) = expi-[log(f/f 0 )]2 /2[log(oi/f0 )]2 I, (12)

Bandwidth (octaves)
Fig. 12. Relative response of the different subsets of sensors as a
function of the bandwidth. For example, the plot labeled 0.01
represents the average response of the top 1% of the sensors relative
to the average response of all the sensors. If we consider the sensor
response to be subject to noise, then this plot can be related to the
signal-to-noise ratio. It suggests that spatial-frequency band-
widths in the range of 1 octave produce the highest signal-to-noise
ratio.

active sensors have a high response to the average. If we
consider the fact that cortical neurones are inherently rather
noisy in their response to a stimulus,3 ' this plot can be
considered a measure of the signal-to-noise ratio of different
types of sensors. Coding information into channels with
approximately 1-octave bandwidths produces a representa-
tion in which a small proportion of the cells represents a
large proportion of the information with a high signal-to-
noise ratio.

We have so far considered only channels for which the
ratio of the spatial-frequency bandwidth to the orientation
bandwidth is constant (AF/AO = 1.0). Figure 13 shows re-
sults with various different aspect ratios. One of the diffi-
culties of such an analysis is that the two-dimensional Gabor
functions are not polar separable. That is, the spatial-fre-
quency tuning is not independent of the orientation tuning
(in degrees). Extending the orientation bandwidth actually
extends the response of the channel to higher frequencies.
With the 1/f amplitude spectrum, the response of the chan-
nel will be dependent primarily on the lower frequencies,
with little effect produced by the extension. Nonetheless,
the results of such an analysis are shown in Fig. 13. As can
be seen, an aspect ratio of about 0.5-1.0 is somewhat opti-
mal, although the effects are small.

LOG GABOR CHANNELS

In the previous section we compared a variety of Gabor codes
in terms of their ability to represent the information in

that is, the frequency response is a Gaussian on a log fre-
quency axis. Figure 14 provides a comparison between the
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Optimal orientation bandwidth
Field (1987)
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natural images. Gabor codes have a number of interesting
mathematical properties. As described by Gabor14 and
more recently by Daugman,12 a Gabor function represents a
minimum in terms of the spread of uncertainty in space and
spatial frequency (actually time and frequency in Gabor's
description). However, the Gabor code is mathematically
pure in only the Cartesian coordinates where all the Gabor
channels are the same size in frequency and hence have
sensors that are all the same size in space (i.e., all the rectan-
gles in the diagrams in Fig. 1 are the same size). In such a
case, the Gabor code represents the most effective means of
packing the information space with a minimum of spread
and hence a minimum of overlap between neighboring units
in both space and frequency.

However, modifying the basic structure of the code to
permit a polar distribution such as that shown in our rosettes
(Fig. 3) alters the relative spread and overlap between neigh-
bors. In this section some results are described that were
obtained with a function that partially restores some of the
destructive effects of the polar mapping. This function will
be called the log Gabor function. It has a frequency re-
sponse described by

G(f) = expi-[log(f/f 0 )]2 /2[log(oi/f0 )]2 I, (12)

Bandwidth (octaves)
Fig. 12. Relative response of the different subsets of sensors as a
function of the bandwidth. For example, the plot labeled 0.01
represents the average response of the top 1% of the sensors relative
to the average response of all the sensors. If we consider the sensor
response to be subject to noise, then this plot can be related to the
signal-to-noise ratio. It suggests that spatial-frequency band-
widths in the range of 1 octave produce the highest signal-to-noise
ratio.

active sensors have a high response to the average. If we
consider the fact that cortical neurones are inherently rather
noisy in their response to a stimulus,3 ' this plot can be
considered a measure of the signal-to-noise ratio of different
types of sensors. Coding information into channels with
approximately 1-octave bandwidths produces a representa-
tion in which a small proportion of the cells represents a
large proportion of the information with a high signal-to-
noise ratio.

We have so far considered only channels for which the
ratio of the spatial-frequency bandwidth to the orientation
bandwidth is constant (AF/AO = 1.0). Figure 13 shows re-
sults with various different aspect ratios. One of the diffi-
culties of such an analysis is that the two-dimensional Gabor
functions are not polar separable. That is, the spatial-fre-
quency tuning is not independent of the orientation tuning
(in degrees). Extending the orientation bandwidth actually
extends the response of the channel to higher frequencies.
With the 1/f amplitude spectrum, the response of the chan-
nel will be dependent primarily on the lower frequencies,
with little effect produced by the extension. Nonetheless,
the results of such an analysis are shown in Fig. 13. As can
be seen, an aspect ratio of about 0.5-1.0 is somewhat opti-
mal, although the effects are small.

LOG GABOR CHANNELS

In the previous section we compared a variety of Gabor codes
in terms of their ability to represent the information in
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Vision as inference

• Generative models and Bayesian inference

• Sparse, overcomplete representations - a model for V1?

• Hierarchical models for capturing dependencies among sparse
components

• Bilinear models and invariance (slow feature analysis)



Recurrent computation is pervasive throughout cortex

V4

LGN

V1 V2

IT

retina



Vision as inference

lens

ImageWorld Model



Bayes’ rule

P (E|D) ∝ P (D|E)︸ ︷︷ ︸
how data is
generated by

the environment

× P (E)︸ ︷︷ ︸
prior beliefs
about the

environment

E = the actual state of the environment

D = data about the environment



Sparse component analysis

Olshausen & Field (1996), Bell & Sejnowski (1997)

ai

I(x,y)



Evidence for sparse coding

• Gilles Laurent - mushroom body, insect

• Michael Fee - HVC, zebra finch

• Tony Zador - auditory cortex, mouse

• Bill Skaggs - hippocampus, primate

• Harvey Swadlow - motor cortex, rabbit

• Michael Brecht - barrel cortex, rat

• Jack Gallant - visual cortex, macaque monkey

• Christof Koch/Itzhak Fried - inferotemportal cortex, human

See:

Olshausen BA, Field DJ (2004) Sparse coding of sensory inputs. Current
Opinion in Neurobiology, 14, 481-487.



Overcomplete representations

• In oriented, multiscale pyramids, overcompleteness is necessary to ascribe
meaning to coefficients (Simoncelli, Freeman, Adelson, and Heeger,
1992).

• Overcomplete time-frequency dictionaries are best able to reveal time-
frequency structure embedded in signals (Chen, Donoho, Saunders,
2001).

• Area V1 is highly overcomplete, by approximately 25:1 (in cat).



Image model

I(x, y) =
∑

i

ai φi(x, y) + ν(x, y) .

Goal: Find a set of basis functions {φi} for representing natural images
such that the coefficients ai are as sparse and statistically independent as
possible.



Prior

• Factorial: P (a|θ) =
∏

i P (ai|θ)

• Sparse: P (ai|θ) = 1
ZS

e−S(ai)

ai

P(ai)



Inference (perception)

MAP estimate:
â = arg max

a
P (a|I, θ)

P (a|I, θ) ∝ P (I|a, θ) P (a|θ)

Energy function:

E(I,a) = − log P (a|I, θ)

=
λN

2
|I− Φa|2 +

∑
i

S(ai) + const.

Dynamics:

ȧ ∝ −∂E

∂a
= λN ΦT I− λNΦTΦa− S′(a)



Learning

Objective function:

L = 〈log P (I|θ)〉

P (I|θ) =
∫

P (I|a, θ) P (a|θ) da

Learning rule:

∆Φ ∝ ∂L
∂Φ

= λN

∫
[I − Φa] P (a|I, θ) da



Network implementation

I(x)

ai

φi(x)

−S’−Cij



Learned basis functions (200, 12x12)



Tiling properties
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Spatial-frequency bandwidth
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Orientation bandwidth
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Physiology (Shapley lab):



Orientation bandwidth vs. spatial-frequency bandwidth
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Sparsification

Image I(x,y)

Pixel values

Outputs of sparse coding network (ai)



Space-time image model

I(x, y, t) =
∑

i

ai(t) ∗ φi(x, y, t) + ν(x, y, t)

. . .

t

t

ai(t)

τ
x

y

x

y

t’

φi(x,y,t−t’)

I(x,y,t)

Goal: Find a set of space-
time basis functions {φi} for
representing natural images such
that the time-varying coefficients
ai(t) are as sparse and statistically
independent as possible over both
space and time.



Learned space-time basis functions (200, 12× 12× 7)

Training set: nature documentary



V1 space-time receptive field

(Courtesy of Dario Ringach)



Spike encoding and reconstruction
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Image synthesis - higher-order statistics



Statistical dependencies among coefficients

Buccigrossi & Simoncelli (1997)





Hierarchical models for capturing dependencies among
sparse components

ai =
power-law︷︸︸︷

σi ×
Gaussian︷︸︸︷

zi

σi = f(
∑

j

Ψij bj)

Wainwright & Simoncelli (2002)
Hyvarinen & Hoyer (2002)
Karklin & Lewicki (2003)
Schwartz & Sejnowski (2004)
Osindero & Hinton (2005)



’Topographic ICA’ - Hyvarinen & Hoyer (2002)



’Topographic ICA’ - Hyvarinen & Hoyer (2002)



Learning the neighborhoods - Karklin & Lewicki (2003)

x = Au

ui = σi zi

σi = e
∑

j Bij vj





Bilinear models for learning invariant representations

z =
∑
ij

wij xi︸︷︷︸
‘what’

yj︸︷︷︸
‘where’

• Tenenbaum & Freeman (2000) - SVD

• Grimes & Rao (2005) - sparse coding



Generative model for transformation and shape

I0(x) =
∑
x′

T (x, x′) I1(x′)

T (x, x′) =
∑

j

cj Ψj(x, x′)

I1(x) =
∑

i

ai φi(x)

Define:
Γij(x) =

∑
x′

Ψj(x, x′) φi(x′)

Then:
I0(x) =

∑
ij

Γij(x) ai cj
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Slow feature analysis

Foldiak (1991), Wiskott (2002)

Learn invariant causes by imposing slowness over time.



Bubbles
Hyvarinen et al. (2003) JOSA 20

that z(t) is Gaussian white noise with unit variance.
The interesting statistical properties of s(t) are thus due
to v(t) alone.

The crucial assumptions are that v(t) is sparse and has
temporal correlation. To model such a signal, we assume
that it is a low-pass filtered (smoothed) version of a very
sparse signal possibly followed by a pointwise (scalar)
function:

v~t ! 5 f(f~t ! * u~t !) 5 fS (
t

f~t!u~t 2 t! D , (13)

where f is a simple low-pass filter, such as the Gaussian
kernel exp@2t 2/(2s 2)#. The random process u(t) is ob-
tained by sampling a very sparse nonnegative random
variable independently at each time point, resulting in
something similar to a point process with nonnegative
values. The function f is a technical addition that has
little influence on the basic principle, and in most cases
we could just take a linear f. However, a suitable nonlin-
ear f enables us to get a simple approximation of the prob-
ability densities involved, as will be seen below.

The signal generation is illustrated in Fig. 3. (Note
that we ignore any border effects that will occur in the
convolution of finite-length signals.) The resulting signal
s(t) has both sparseness and temporal coherence. The
sparseness can be shown as follows21:

kurt@s~t !# 5 E$@s~t !#4% 2 3~E$@s~t !#2%!2

5 E$@v~t !#4@z~t !#4% 2 3~E$@v~t !#2@z~t !#2%!2

5 3@E$@v~t !#4% 2 3~E$@v~t !#2%!2#, (14)

which is always positive because it is the variance of v(t)
multiplied by 3. The correlation of squares follows from
a proof similar to the one following Eq. (7).

Thus, if one mixes linearly independent signals of this
kind, the original signals can be separated by using either
of these two properties.5,17 In particular, if we consider
the image sequences to be linear sums of spatial basis
vectors, i.e.,

I~x, y, t ! 5 (
i51

n

ai~x, y !si~t !, (15)

and assume that the signals si(t) consist of temporal
bubbles as defined above, it is natural that we obtain
similar basis vectors with either criterion, since both are
applicable on data of this type.

For illustration, let us look at the output of a spatial
ICA/sparse coding filter when the input consists of an im-
age sequence. The output for a randomly sampled se-
quence of 1000 points is shown in Fig. 4. One can clearly
see bubblelike behavior.

Fig. 3. Illustration of a temporal bubble. The original signal
z(t) (top) is multiplied by a variance (activity) signal v(t)
(middle) to obtain the observed signal s(t) (bottom). The ob-
served signal is both sparse and temporally coherent.

Fig. 4. Output of a filter estimated by ICA when the input con-
sists of an image sequence. A temporal bubble structure is
clearly visible. For details on the data, see Subsection 3.C.
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Generative model

I(x, y, t) =
∑

i

ai(t) φi(x, y)

ai(t) = σi(t)︸︷︷︸
slow,sparse

zi(t)︸︷︷︸
fast



Towards intermediate-level representations

• The problem of scene analysis

• Insights from psychophysics

– Occlusion and figure-ground representation (Nakayama & Shimojo)
– Adaptation (Webster/Leopold)



The problem of scene analysis
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How do you interpret an edge?





Object recognition depends on context

Torralba & Sinha (2001)
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Visual representations are 3D, not 2D

Nakayama K, He ZJ, and Shimojo S. (1995) Visual surface representation:
a critical link between lower-level and higher level vision. In: S.M.
Kosslyn and D.N. Osherson, Eds, An Invitation to Cognitive Science. MIT
Press, pp. 1-70.



Rules of occlusion

1. When image regions corresponding to different surfaces meet, only one
region can “own” the border between them.

2. Under conditions of surface opacity, a border is owned by the region that
is coded as being in front.

3. A region that does not own a border is effectively unbounded. Unbounded
regions can connect to other unbounded regions to form larger surfaces
completing behind.



Bregman B’s



Occluders determine object completion



Amodal completion depends on depth assignment



Adaptation reveals internal axes of representation



Summary
Image models

Pixel histograms
(white noise)

Power spectrum
(1/f noise)

3D/occlusion
(surfaces)

Natural scenes

Sparse, linear causes
(edges)



Using generative models as experimental tools

.

.

.

Generative
model



Main points

• Image statistics and neural coding

– contrast distribution → histogram equalization
– 1/f2 power spectrum → whitening
– higher-order statistics → V1 simple cells (Gabor functions)

• Cortex as generative model

– Neurons represent causes of natural images.

• Future challenges

– intermediate-level representations
– surfaces/occlusion



Further information and details

baolshausen@berkeley.edu
http://redwood.ucdavis.edu/bruno


