
NOTES ON TYLER’S AMGEN PROJECT

ABSTRACT. Here are some notes on the project so far

1. BASIC CONCEPTS

The Kullback-Leibler Divergence can be seen as a measure of the distance between two
probability distributions. While it is not a true distance because it is not the same regardless of
order, this is a good way to look at the measure. The equation for the KL Divergence is:

(1.1) DKL(p(x)||q(x)) =

∫
p(x) log

p(x)

q(x)

Another important quantity is the Fisher Information. The Fisher Information represents a
measure of the importance of a given parameter to a probability distribution. For a parame-
ter θ, P (x|θ) represents the likelihood of a random variable x conditioned on θ. The Fisher
Information for this conditional probability distribution is:

(1.2) FI =

〈(
∂

∂θ
logP (x|θ)

)2〉
P (x|θ)

For many parameters θ1, ..., θn, a matrix J, known as the Fisher Information Matrix, can be
created, such that:

(1.3) Jij =

〈
∂

∂θi
logP (x|θi)

∂

∂θj
logP (x|θj)

〉
Using an input to a neural network as our functional parameters, we can write P (x|s), where

s = (s1, ..., sn) is the input signal history and sk is the signal k timesteps in the past. With this,
we can write the Fisher Information Matrix as

(1.4) Jij =

〈
∂2

∂si∂sj
logP (x|s)

〉
P (x|s)

The Fisher Information Matrix represents the rate of change of the KL Divergence, as

(1.5) DKL ≈ δsTJδs

For Gaussian systems, both the KL Divergence and the FIM can be written in simple forms:

(1.6) DKL = (µ1 − µ2)TC−1(µ1 − µ2)

(1.7) Jij =
∂µT

∂si
C−1 ∂µ

∂sj

If the mean is linearly dependent on the signal, the above approximation becomes exact. This
will be the case for all of our work.
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2. MEMORY IN KALMAN FILTERS

Kalman Filter Equations:

(2.1) xt = V xt−1 + ν, ν ∈ N (0, Q)

(2.2) yt = Uxt + µ, µ ∈ N (0, R)

(2.3) x̂−t = V x̂t−1

(2.4) P−t = V Pt−1V
T +Q

(2.5) Kt = P−t U
T (UP−t U

T +R)−1

(2.6) x̂t = x̂−t +Kt(yt − Ux̂−t )

(2.7) Pt = (I −KtU)P−t

Iterated equations and their derivations:
xn:

(2.8) xn = V nx0 +
n−1∑
k=0

V kνn−k

x̂−n :

x̂−n = V x̂n−1

= V (x̂−n−1 +Kn−1(yn−1 − Ux̂−n−1))

= (V − V Kn−1U)x̂−n−1 + V Kn−1yn−1

= (V − V Kn−1U)(V − V Kn−2U)x̂−n−2 + (V − V Kn−1U)V Kn−2yn−2 + V Kn−1yn−1

=

(
n−1∏
k=1

(V − V Kn−kU)

)
V x0 +

n−1∑
i=1

(
i−1∏
k=1

(V − V Kn−kU)

)
V Kn−iyn−i

P−n :

(2.9) P−n =

(
n−1∏
k=1

V (I −Kn−kU)

)
P−1 V

(n−1)T +
n−2∑
i=0

(
i∏

k=1

V (I −Kn−kU)

)
QV iT

x̂n:

x̂n = x̂−n +Kn(yn − Ux̂−n )

= V x̂n−1 +Knyn −KnUV x̂n−1

= (V −KnUV )x̂n−1 +Knyn

= (V −KnUV )(V −Kn−1UV )x̂n−2 + (V −KnUV )Kn−1yn−1 +Knyn

=

(
n−1∏
k=0

(V −Kn−kUV )

)
x0 +

n−1∑
i=0

(
i−1∏
k=0

(V −Kn−kUV )

)
Kn−iyn−i
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Pn:

(2.10) Pn =

(
n−2∏
k=0

(I −Kn−kU)V

)
P1V

(n−1)T +
n−2∑
i=0

(
i∏

k=0

(I −Kn−kU)V

)
V −1QV iT

Expectation and Covariance Calculations:
E(x̂−n ):

(2.11) E(x̂−n ) =

(
n−1∏
k=1

(V − V Kn−kU)

)
V x0 +

n−1∑
i=1

(
i−1∏
k=1

(V − V Kn−kU)

)
V Kn−iUV

n−ix0

E(x̂n):

(2.12)

E(x̂n) =

(
n−1∏
k=0

(V −Kn−kUV )

)
x0+

n−1∑
i=1

(
i−1∏
k=0

(V −Kn−kUV )

)
Kn−iUV

n−ix0+KnUV
nx0

Cov(x̂−n ):

Cov(x̂−n ) =
n−1∑
i=1

(BiQB
T
i + AiRA

T
i )

Ai =

(
i−1∏
k=1

(V − V Kn−kU)

)
V Kn−i

Bi =
i∑

j=1

AjUV
i−j

(2.13)

Cov(x̂n)

Cov(x̂n) =
n−1∑
i=0

(HiQH
T
i +GiRG

T
i )

Gi =

(
i−1∏
k=0

(V −Kn−kUV )

)
Kn−i

Hi =
i∑

j=0

GjUV
i−j

(2.14)

A few interesting things to note are that the expectation depends linearly on xn and that the
covariance will increase with increasing n. This second fact will become more important when
looking at the FIM.

Fisher Information Matrices:
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J−rs =
∂µ−T

∂yn−r
C−−1 ∂µ

−

∂yn−s

∂µ−

∂yn−r
=

(
r−1∏
k=1

(V − V Kn−kU)

)
V Kn−r = Ar

J−rs = ATr

(
n−1∑
i=1

(BiQB
T
i + AiRA

T
i )

)−1

As

(2.15)

Jrs =
∂µT

∂yn−r
C−1 ∂µ

∂yn−s

∂µ

∂yn−r
=

(
r−1∏
k=0

(V −Kn−kUV )

)
Kn−r = Gr

Jrs = GT
r

(
n−1∑
i=0

(HiQH
T
i +GiRG

T
i )

)−1

Gs

(2.16)

In the simple 1-D case, all variables ∈ R1x1, we can compute the decay of J−rr and Jrr as
r → n. For J−rr,

J−rr = ArC
−−1Ar

=
A2
r

C−

=

((∏r−1
k=1(V − V Kn−kU)

)
V Kn−r

)2
C−

≈ ((V − VKU)r−1K)2

C−

≈ α− · (λ−)r−1

(2.17)

where K is the steady state approximation of Kn−i, α− = V 2K2

C−
and λ− = (V − VKU)2.

Similarly, Jrr can be expressed as

(2.18) Jrr ≈ α · (λ)r

with α = K2

C
and λ = (V −KUV )2.

Taking the sum of J−rr from 1 to n− 1 yields

(2.19) J−tot =
n−1∑
r=1

J−rr =
α−

λ−
λ− − (λ−)n

1− λ−

Similarly,

(2.20) Jtot =
n−1∑
r=0

Jrr ≈ α
1− λn

1− λ
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3. DESIRABLE AND UNDESIRABLE MEMORY

The Kalman filter has built in it two types of memory, which we have termed desirable and
undesirable. The desirable memory can be seen as memory of the noise ν in the internal pro-
cess, and the undesirable memory can be seen as memory of the noise µ in the observations.
We propose that the FMC of the desirable memory should decay slowly, and the FMC of the
undesirable should decay quickly, perhaps exponentially. I will briefly go over the derivation of
the FMC for both types of memory, which will be of the form of equation 1.7.

Firstly, x̂n should be rewritten.

x̂n =

(
n−1∏
k=0

(V −Kn−kUV )

)
x0 +

n−1∑
i=0

(
i−1∏
k=0

(V −Kn−kUV )

)
Kn−iyn−i

= Ax0 +
n−1∑
i=0

Biyn−i

= Ax0 +
n−1∑
i=0

Bi(Uxn−i + µn−i)

= Ax0 +
n−1∑
i=0

BiU(V n−ix0 +
n−i−1∑
j=0

V jνn−i−j) +
n−1∑
i=0

Biµn−i

= (A+
n−1∑
i=0

BiUV
n−i)x0 +

n−1∑
i=0

BiU
n−i−1∑
j=0

V jνn−i−j +
n−1∑
i=0

Biµn−i

= Cx0 +
n−1∑
i=0

i∑
j=0

BjUV
i−jνn−i +

n−1∑
i=0

Biµn−i

Written out, this equation yields:

x̂n =

((
n−1∏
k=0

(V −Kn−kUV )

)
+

n−1∑
i=0

(
i−1∏
k=0

(V −Kn−kUV )

)
Kn−iUV

i−j

)
x0+

n−1∑
i=0

i∑
j=0

(
j∏

k=0

(V −Kn−k)

)
Kn−jUV

i−jνn−i +
n−1∑
i=0

(
i∏

k=0

(V −Kn−kUV )

)
Kn−iµn−i

(3.1)

Using this we can calculate our desired quantities.
It will help to specify the variable Bi as

Bi =

(
i−1∏
k=0

(V −Kn−kUV )

)
Kn−i

3.1. Desirable Memory.

The expected value of x̂ is derived as follows:
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E(x̂n|ν) = E

(
Cx0 +

n−1∑
i=0

i∑
j=0

BjUV
i−jνn−i +

n−1∑
i=0

Biµn−i

)

= Cx0 +
n−1∑
i=0

i∑
j=0

BjUV
i−jνn−i + E

(
n−1∑
i=0

Biµn−i

)

= Cx0 +
n−1∑
i=0

i∑
j=0

BjUV
i−jνn−i

For the FIM we are interested in the derivative of the expected value with respect an individual
time point in the signal’s history. Thus,

∂E(x̂n|ν)
∂νn−r

=
r∑
j=0

BjUV
r−j

The covariance of x̂n is also derived as follows:

C(x̂n|ν) = Cov(x̂n|ν) = Cov

(
Cx0 +

n−1∑
i=0

i∑
j=0

BjUV
i−jνn−i +

n−1∑
i=0

Biµn−i

)

= Cov(Cx0) + Cov

(
n−1∑
i=0

i∑
j=0

BjUV
i−jνn−i

)
+ Cov

(
n−1∑
i=0

Biµn−i

)

= Cov

(
n−1∑
i=0

Biµn−i

)

=
n−1∑
i=0

Cov(Biµn−i)

=
n−1∑
i=0

BiRB
T
i

Using the derivative of the expectation and the covariance calculations, we can write

(3.2) Jrs(x̂n|ν) =

(
r∑
j=0

BjUV
r−j

)T (n−1∑
i=0

BiRB
T
i

)−1( s∑
j=0

BjUV
s−j

)
3.2. Undesirable Memory.

The expected value is calculated similar to above, and yields

E(x̂n|µ) = Cx0 +
n−1∑
i=0

Biµn−i

We are again interested in the derivative of this equation with respect to a previous µ term.
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∂E(x̂n|µ)

∂µn−r
= Br

The covariance can be derived in a similar fashion as before and shown to be

C(x̂n|µ) =
n−1∑
i=0

(
i∑

j=0

BjUV
i−j

)
Q

(
i∑

j=0

BjUV
i−j

)T

Putting these equations together, we get an expression for the FIM.

(3.3) Jrs(x̂n|µ) = BT
r

n−1∑
i=0

(
i∑

j=0

BjUV
i−j

)
Q

(
i∑

j=0

BjUV
i−j

)T
−1

Br

4. CONNECTION TO SURYA’S PAPER

Surya’s update equation was written as xt = Wxt−1 + vst + zt. We can make a library
translating our variables from the Kalman filter to match Surya’s equation. In our case, the
update equation is x̂t = (V −KtUV )x̂t−1 +KtUxt +Ktµt.

Thus, in our case, the network state is the updated prediction, and the variables can be related
as follows:

xt → x̂t
W → (V −KtUV )
v → KtU
st → xt
zt → Ktµt

A notable difference between the two equations is, however, that W now becomes the time
dependentWt. The same occurs with v, becoming vt. Since the time dependence arises from the
time dependence of the Kalman gain, we can approximate the Kalman gain with the steady-state
Kalman gain to simplify the problem and allow for a more direct translation.

Using this simplification,the covariance of x̂t can be calculated directly from Surya’s equation
for the covariance of xt, namely

(4.1) Cn = ε

∞∑
k=0

W kW kT .

Plugging in for W and substituting Kcov(µt)KT for the covariance of zt, we get

(4.2) cov(x̂n) =
n−1∑
k=0

(V −KUV )KRKT (V −KUV )T .

Using equation (4) from Surya’s supplemental paper, we can now calculate J(k).
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(4.3)

J(k) = (KU)T (V −KUV )kT

(
n−1∑
j=0

(V −KUV )KRKT (V −KUV )T

)−1

(V −KUV )(KU)

5. STUFF FOR POSTER

P (x̂n|y + δy)

P (x̂n|y)

P (xn)

x1
n x

2
n x̂

1
n x̂

2
n

DKL(P (x̂n|y)||P (x̂n|y + δy)) = 1
2
δyTJδy

(5.1) Jrs =

〈
∂2

∂yn−r∂yn−s
logP (x̂n|y)

〉

(5.2) Jrs =
∂µT

∂yn−r
C−1 ∂µ

∂yn−s

(5.3) Jrs = GT
r

(
n−1∑
i=0

(HiQH
T
i +GiRG

T
i )

)−1

Gs

(5.4) Gi =

(
i−1∏
k=0

(V −Kn−kUV )

)
Kn−i

(5.5) Hi =
i∑

j=0

GiUV
i−j

xt+1 V xt + ν Uxt−1 + µ Uxt+1 + µ
x̂−t−1 x̂

−
t+1 yt−1 yt+1

x̂t+1 x̂
−
t−1 +Kt−1(yt−1 − Ux̂−t−1)

x̂−t+1 +Kt+1(yt+1 − Ux̂−t+1)

In the standard Kalman filter, xt is a hidden variable that is of interest. In the discrete time
case, an observation yt is generated at each timestep. The Kalman filter is designed such that the
variable x̂t provides the optimal estimate for xt. x̂−t represents the predicted value of xt prior
to the observation at time t. x̂t is then generated by adjusting the predicted value by a weighted
average of yt and x̂−t . Since yt is corrupted by noise, this weighted average helps to denoise the
signal to provide an accurate estimate for xt.
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The ability to accurately estimate xt is affected by y. An infinitesimally small perturbation in
y shifts x̂t by an amount directly proportional to J ,the FIM.

where µ is the expected value of x̂n and C is the covariance of x̂n. Following a good deal of
manipulations, this can be expressed in terms of the Kalman filter parameters as
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